THE RULED V; IN S, ASSOCIATED WITH
A SCHLAFLI HEXAD*

BY
JOHN EIESLAND

1. Introduction. In S, we know that all the lines which meet four generic
planes also meet a fifth associated plane. These %2 lines generate a ruled
V3, i.e., the variety of Segre with 10 double points. This property cannot
be generalized in space of more than four dimensions; that is: All the lines
which meet » generic (»—2)-flats will not in general meet an additional
(n—2)-flat when #>4; n+1 generic flats will determine n+1 V72_}’s.

If however the #+1 S,_,’s form a Schlifli set, a single V7.~ is determined.
An equation of this spread has been given by C. R. Rupp.} Let the Schlifli
set be given as follows]:

(1) x; =0, Zbikxh =0 (i = 0: .-, ”)’
0

where b;;=0, bix=>bs:. The equation of the V}~; determined by the first
flats is then

bo bo2 bos < bon-1  Don
- th’xi brey bisxy - bi,n-121 b1a21
(2) i = 0.
baixs  — D bax bosxa - - - be,n1%2  ba2na
bn—l.lxn bn-—l.2xn bn—l.axn cet —an—-l.ixo’ bn—l.nxn

It may easily be verified that the same V},} will be obtained by taking any
other set of # flats from (1). All the »+1 flats lie on the spread and the funda-
mental (or regular) singular loci are (z — 2r)-flats of multiplicity r=2,3, - - -,
n/2, when n is even, and of multiplicity r=2, 3, - - -, (n—1)/2, when #» is
odd; there are (*t") such loci. The study of the remaining accessory singular
loci for the case n =35 will be the object of the present paper.

* Presented to the Society, April 4, 1931; received by the editors October 25, 1933.

t C. R. Rupp, An extension of Pascal’s theorem, these Transactions, vol. 31, p. 578.

1 Luigi Berzolari, Sui sistemi di n+1 rette dello spazio ad n dimensioni, situate in posizione di
Schlifii, Rendiconti del Circolo Matematico di Palermo, vol. 20, pp. 229-247.
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That this V*Z}* is not generic may be shown thus. By a projective trans-
g y Y a proj

formation
%o = %, % = x!/bu (G=12---,n),

a Schlifli set may be carried into the slightly modified form

xo=0, Exk=0; x.-=0, %0 + Zbikxk=0 (i 1,2,"'»"):
1

where b;;=0, byo=1, b;x=>bs;, k=i. A general Schlifli set depends therefore

on n(n—1)/2 parameters. Let there now be given #+1 generic S,—o’s in S,:

n n n n
(¢}) &) @ @
a; % = E;b.-x.~=0; a; X = E:b; 2=0,---,
0 0 0 0

Zaiﬂ+l)113.' = Zb.'("“)x; = 0,
0 0

which depend on 2(n—1) (z+1) parameters. A projective transformation can
therefore be found which will reduce this number to

2n — 1)(n+1) — n(n+2) = n? — 2n — 2.

But this number is greater than #(z—1)/2 when n >4, as we wished to prove.

2. The equation of Vj in Grassmann-Pliicker coordinates. The equation
(2), being a determinant of the nth order, is rather unwieldy for the purpose
of investigating the accessory singularities of a V,_}; even in the case for
n=>5 the analytical work becomes formidable. We shall therefore use the
Grassmann-Pliicker coordinates and start with the equation of the generic
V which has been derived in a former paper (R, pp. 341-342): we shall then
find the conditions which must be satisfied in order that it shall be associated
with a Schlifli hexadf, and thus incidentally obtain the invariants of the
spread. We shall suppose that V; has no triple point, that is, no three of the
fundamental flats intersect. The equation of V ist

6 6 (] ]
N Eailyi + b Za«zy.- y3 Ea.'syi + Y5 Zassya
( 3) V= 1 1 1 1 -0,

4 ] 6 6 s
1 2 Bayi + 2 D Basys ys D Bayi + s D Bisys
1 1 1 1

* John Eiesland, On a class of ruled (n—1)-spreads in Sn, Rendiconti del Circolo Matematico di
Palermo, vol. 54, pp. 335-365. By a “generic” V::{ is meant here the V::{ whose equation is given
on p. 337. In what follows this paper will be referred to as “R.” In this paper, the V, here denoted
as the “generic V,,” is the generalization for n=35 of Segre’s variety in Si.

t By a Schlifli hexad in S5 we mean here six 3-flats in Schlifli position.

1 R, pp. 341-342.
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or, if we add the elements of the first column to those of the second,

] .8 6 ]
n Zauyf + Y Zaszys Ve Zauy.- + Ye Eaeey.-
1 1 1
() V: = : ] ] ] = 0.
y1 2 Bayi + y2 D Biayi Ya D Biyi + v 2 Bie¥s
1 1 1 1

The five fundamental flats are
6 6
y1=y=0; y=19=0; y=ys=00; D ayi= D biyi=0;
1 1

s 6
Deyi = 2diyi =0, ai = aibi — arbs, Bax = cidy — crds.
1 1

If now the ¥V} belongs to a Schlifli hexad, all the lines which meet these five
fundamental flats must also meet a sixth flat. In order to find such a flat
we write (3) and (3') as follows:

My 4+ y.M, ysMs + ysMs
y1(Ly + My) + y2(Ls + M) y3(Ls + Ms) + ys(Ls + Ms)

4

=| NM1+ y2 M YeM+ yeMs =0
yiLy + M) + y2(Le + M) Yo(La + M) + y6(Ls + Me) ’

where M= auyi, Li=2 _Biys, k=1, 2, - - -, 6. Consider the 3-flat

4) yi+ M+ Ly =0, ys— My — Ly =0.

If it is to be the required sixth flat it must be identical with the two flats
¥s+ Ms+Ls =0, 53 — Ms — Ly = 0; 3o+ Mg+ Ls = 0, 3o — My — Ly = 0.

If we set Pu=1+0au+ps, Pus=1+asus+Bs%, Piw=1-4as+Bw, and (Gk) =aa
+Bix, this means that the determinant

0 P (13) (15) (14) (16)
— P 0 (23) (25) (24) (20)
(31)  (32) 0 Py (34)  (36)
(1) (52) — Py O (54) (56)
(41) (42) (43) (45 0 Py
(61) (62) (63) (65) —Ps O

must be of rank 2. We thus obtain the following conditions:
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PyyPy; = (13)(25) + (15)(32),
(36) P12 = (13)(26) + (16)(32),  (56) P12 = (15)(26) + (16)(52),

) (34)P1p = (13)(24) + (14)(32),  (54)Pre = (15)(24) + (14)(52);

Py Py = (45)(36) + (34)(56),
(24)Pss = (23)(45) + (25)(34), (14)Ps = (13)(45) + (15)(34),

&b (26)Pss = (23)(65) + (25)(36),  (16)Pss = (13)(65) + (15)(36);

P13Pyg = (16)(42) + (14)(26):
(23)Pqs = (24)(36) + (26)(43), (13)Ps = (14)(36) + (16)(43),
(25)Pes = (24)(56) + (26)(45), (15)Pys = (14)(56) + (16)(45).

These relations are not independent; from any six of them the remaining
ones may easily be derived. We also obtain the following important relations:

(5,0)

a1Bie — 1B @1aB2s — a2ef14 + @24B16 — 16824 24P — 26824

)
513 — asPis aesfiz — auzBas + a1sBas — agsfis  cesBaz — 23Bas

aufos — aePu 1P — P + cefes — oaBis 1P — s Pis ’
= = —-_— N

asafas — a3afss 3B — cusPas + omsPae — asePss assBas — orae Bse

(6)

a3eBse — aseBse  a3eBss — aseBse + azeBes — aesBss  esBes — esBes 1
= =1;

azsBis — aisBes  azsBis — a13Bas + azsfis — ausfaz aesBis — a1sB2s

(7 14+Za=14optamstas=0 14+328=14 B2+ Bss + Bss =0.

The last two relations are obtained by using (5,b) and (6). Since there are
six independent non-homogeneous relations between the 16 parameters of a
generic V3, the V; belonging to a Schlifli hexad has 10 essential parameters,
as was shown before (p. 316) by a different method.

3. The singular loci on the V} associated with a Schlifli hexad. We know
that the generic Vy in S; has 5 fundamental 3-flats and that the singular loci
lie in each of these flats.* In any one flat we have four fundamental double
lines which are the intersections of the flat with the remaining four flats;
moreover, two accessory double lines which intersect these in 8 points and,
finally, a cubic curve which has the four fundamental lines as bisecants.
Through each of the 40 points pass two double lines of which one is accessory,
and one cubic; but it is to be noted that this cubic does not belong to the
fundamental flat in which the accessory line is immersed. We have thus 20
lines and 5 cubics as the complete set of double loci on a generic Vj.

* R, pp. 344-352.
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In the case at hand the V7 has six fundamental flats in a Schlifli position.
In each flat are five fundamental double lines and two accessory double lines
which intersect these in 10 points. The cubic is composite, consisting of three
lines, namely the fifth double line which is added to the four of the generic
case, and two lines which remain. We shall prove that these two lines coincide
with the two accessory lines. It will be sufficient to prove this for any one flat,
since what happens in one must happen in all the other five flats.

The singular loci in the 3-flat y;=y,=0 are the complete intersection of
the two cubic surfaces

5 ave o v, .
Ys =Y =V, =0, = V.
: ays 3y5
We have then, from (3),
¢
v, 4.6 4,6
1= =P Zﬁiayi—QZacaye=0,
dys 1,2 1,2
® .
Vs 4.6 4.6
= =P > Biuyi—Q 2, aisy: = 0.
ays 1,2 1,2

The four fundamental double lines are

Ys=¥=y1=3=0, y=y =23 =73=0,
¥3 == M3 = Ms=0, y5 = y5 = L3 = Lsg = 0,
to which must be added the fifth double line
(10) ys=9s=Ls+ Ms=Ls+ Ms = 0,

)

which is the intersection of the flat y;=y;=0 with the fifth fundamental
flat y;+Ms+L;=0, ys—M;3— L;=0. The two accessory double lines are
@11 Y1 = KY2, Yo = BYs,
where « and p are roots of the two quadratic equations
(allﬁlﬁ - a16314)"2 + (a16342 - a42ﬂlﬁ + a2GB4l - a(lﬁ%)x
+ (a2Bez — aabze) = 0,
(auﬁu - 0!24314)#2 + (auﬂﬂl — agfa + azefa — auﬂze)ll
+ (0!24361 - aelﬂu) = 0.

These equations may also be written

agp + aze  Bap + Bas
agp + asn Bup + Ba

(12)

ajek + aze _ B1ex + Bae

(13) «= = .
auk + aqg Bak + B
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The cubic curve being composite, consisting of the fifth double line and two
additional lines, it is to be proved that these latter coincide with the two
accessory lines (11); in other words, these lines are tac-loci on the two sur-
faces ¢1 =2 =0. Take any point on the line (11), say (xp, p, u, 1). The tangent
planes to the cubics at the point are

0¢; ( 94 ) ( 9¢; ) s ) .
=0 =1,2).
( Py >y1 + s Y2 + dye ye + 7 Ye (1 )

Noting that the accessory lines are generators of the two quadrics

P = y)(carys + as1ys) + y2(anys + asys) = 0,
Q = y1(Baye + Borys) + y2(Bezye + Bezys) = O,

we have

91
( ) (aas+asr)Ls— (Bau+Ber) Ms,

= (aaep+ate2) La— (Bazp+Be2) Ms,
6y1

yz

1/90¢, 1/0¢,
) (aak+ag)Ls— (Bak+Be) M3, — p ) (agix+ats2)Ls — (Borx+Be2) M3,
p

P\9Ys Ye

Y1

1/3¢; 1
) (aark+ou2)Ls— (Bark+Baz) M's,
o

a
(6¢2> (aau+tae1)Ls— (Ban+Be1) Ms, (632) (ctaz+c2) Ls— (Baou+PBoz) M5,
2
p\d Ye (

9¢2
) (a1 +as2) Ls— (Borc+Be2) M's,
aye

where we have set

Ls = (Busk + Bas)p + Besw + Bos, Ms = (ousk + azs)p + s + aes,
Ly = (Busk + Bas)p + Besr + Bes, My = (arsk + azs)p + awsp + aes.

If now the line (11) is to be a tac-locus on ¢, = ¢s =0 we must have
¢y (3¢1 (3¢1 (%)
(6_}’1) _ 3;'—2) _ 3_)'4)_ 9ys
() () ) G
a_yl> 3_}’2) 9y \aye
— piM; _ L3 — paMs _ L; — psM3 _ L3 — peMs
“ My Ls— p:Ms  Ls— psMs  Ls — puMls

where
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Bau + ﬁu Ban + ﬁez _ Bak + Be _ Beik + Bez )
tT aup + au *T aop + aez ? auk + ag ¢ agik + aes

But the equations (13) show that p, =, and ps=p, hence we get the single

condition
— 1M, _ Ly — psM3

— My Li— p:Ms
which is equivalent to the condition L;M;— LsM;=0, true for all values
of p. We thus obtain the following three relations:
(B1sx + Bas)(ersx + az5) — (Bisk + Bazs)(arsk + azm) = 0,
(Basu+ Bes)(crasp + ctes) — (Basu + Bes)(ausn + aes) = 0,
(Brsx + Bas)(ausm + ass) — (aisx + azs)(Besp + Bos)

— (Bisx + Bzs) (ausn + aes) — (cnsk + ass)(Busu + Bes) = 0.

The third relation is satisfied by virtue of the first two, hence « and p must
be roots of the two quadratic equations

(alsﬁls — Bisaia)k? + (Oluﬁza — agfis + asfia — a1sBas)k
+ agsfes — Basazs = 0,
(casBas — cesBas)u? + (ctasBes — esBus + aesBes — ausBes)n
+ aesfes — assBes =
But « and p are roots of the quadratic equation (12), hence we must have

p1— ps#0,

(14)

(15)

ayfis — a1fre  a1Bez — ageBis + azeBa1 — aBas azeBez — asBae
= = y
a1sfis — a13fis 1523 — a23Bis + aasfis — a13Bas  azsBes — azsBas
1Pz — 2B a2Ber — ae1fac + azeBa — auﬂza azefer — ae1fze
b

agsfes — aqafes acaﬁsa — assBes + aesBes — Bcsaas agsfe3 — ae3fes

which are true according to equations (6), as we wished to prove.
If we set M= (awk+ ass)/(asik + )32, we have from (13) and (14),

ok + azs Bk + Bas ausn + aes Bcsﬂ + 305

ask + @z Bax + Bz s + ass  Pap + ﬁae

so that \ must be a root of the two equations

(crzsBs1 — a31B23)N? + (23851 — 5182 + @25Bs1 — asiBas)N
+ azfs1 — asfes = 0,

(ctesPse — aseBes)A? + (cwesBsa — aseBes + ctesBze — zefes)
+ aesBsa — asifes = 0,

which have identical roots, equation (6).

(16) A=

an
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We have thus 6-5/2=15 fundamental double lines and 12 accessory
double lines; these lines intersect in 30 points, three lines through each point.
No point is a triple point. We shall prove the following important

THEOREM. A V; in Ss, associated with a Schlifli hexad, has two double
planes. The 12 accessory lines form a double-six, each set of six lines forming a
complete hexagon in each plane. The 15 fundamental double lines are outside of
these planes and join the 15 pairs of corresponding vertices of the hexagon. The
equations of the planes are

(18) Y1 =Ky, Y3 =M\¥s, Y4 = uYs
where k, N and p are the roots of the three quadratic equations (12) and (17).

The proof of the first part of this theorem is immediate. If we substitute
the values of i, y,, and y; from (18) in the equation (3), the determinant re-
duces to one of rank zero, since all the elements vanish, account being taken
of (13) and (16); to prove the second part we need only show that any one
of the planes contains the six accessory lines

n=0 =0 ¥3 = \ys, Yo = s,
(1973) Y3 = O’ Ys = O’ Y1 = K)o, Y4 = HKYe,
¥Ye=0, =0, Y1 = kY3, ¥s = NYs;

Y1 = kY3, Y3 = Ay, Zaa}'-‘ =0, Eassy.‘ =0,
(19,b) y1=Kys, ¥s=D\ys, D .Biusyi=0, > Bisys = 0,
Yi=«kY2, Ys=Ays, 1+ Me+ L2 =0, yo— M~ L, =0.

The second set (19, b) may also be written

azsYs 713 /]
Y1 = KYy3, Y3 =Nys, Y& = uYs, Y2 = ,
apk + azs auk + as

y Y3, Y3 =Ays, ¥ Yo, ¥ Pusys Pueys
1= KY2 3 = AYs ¢« = 1Y 2 = ’
’ ’ ’ BISK + ﬁza Bk + ﬁu
P3sy3 Peys

= s = Ay, = ’ = :
B2 KY2 Ys Ys Ya KYs Y2 (13)K+ (23) (14)K+ (24)

From these equations it is at once evident that on each of the planes (18) the
six accessory lines form a complete hexagon, and that any one of the 15
fundamental double lines joins a pair of corresponding vertices of the two
hexagons. '
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THEOREM. The 12 sides of the two hexagons are bispatial.
To prove this we transform the origin (0, 0, 0, 0, 0, 1) to the point (px,
p, 6\, 1, 0, 1) on one of the double planes. The tangent cone, the equation of

which being rather long, we shall not give here, is seen to be reducible for the
following values of p and ¢:

a0 as B Qe
ok + az | ok + oze e Bk + B2z Pk + }324,
_ Pyso Py
T3k + (23) | (14 + (24)
These five values correspond to five sides of the hexagon. That the sixth side,
Y1=KYs, ¥3=\¥5, ¥a=%=0, is also bispatial is proved by transforming the

origin to the point (p«, p, N, ur, 1, 7). The cone is reducible when 7 =0.
From these two theorems we derive the following

p=0, ¢=0, p1=

pP3

COROLLARY. Given in S5 a hexad of 3-flats in a Schlifli position. There exist
two planes which intersect these flats in 12 lines forming a complete hexagon in
each plane. The V associated with the hexad has the two planes for double planes
and the 15 lines joining the corresponding vertices of the hexagons are double
lines on the V. The 12 lines of intersection are bispatial.

4. Transformation of theV}. In order to carry the V}into the form given
by equation (2) for » =35 we set up the following transformation:

5 5 5
(20) o = y1, D boixi = ¥, Dbk = ys, %2 = ya, D boiki = ys, %1 = ys,
0 0 1

from which it must follow that
6 5 6 6

(21) Zaiyi = %3, Zbi}’i = stsxi, Ecsys = X, Zd,-y; = Eb“xg.
1 0 1 1

Substituting the values of y; from (20) on the left side of these equations and
comparing the coefficients of the #’s on both sides we find the values of a;,
bs, c;, d; expressed rationally in terms of the b;.. We then calculate the Grass-
mann coordinates ok, Bix. The work is rather long and tedious, but affords a
valuable check on the correctness of the method we have pursued; in fact,
the oux, Bir thus found are seem to satisfy the fundamental relations (5,a),
(5,b), and (5,c).

The singular loci of the V; having been found, our work is completed. If
we had started with the equation (2) for =5 we should have failed, the
analytic work being too complicated.
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5. The self-dual V} associated with a Schlafli hexad. In a former paper*
it was proved that if on a generic Vj in S5 any two of the 10 fundamental
double lines are bispatial, they are all bispatial and the spread is self-dual.
In the case of the V§ here considered a similar theorem holds: If any one of
the 15 fundamental double lines is bispatial, they are all bispatial and the V
is self-dual.

Let the double line be y;=y2=49;=9;=0; transforming the origin to a
point p on this line we set y;=9{, yo=y:4p¥,i=1, 2, 3, 5, 6. The equation
(3) may then be written, dropping the primes,

$2y6® + ¢33 + ¢4 = 0,

where

¢2 = [(ae1 + paar)y1 + (62 + paaz)y2][(Bes + pBis)ys + (Bes + pBes)ys)
— [(Ber + pBar)ye + (Bs2 + pBe2)y2] [(aes + peres) ys + (ates + paas)ys)-

In order that the point p shall be bispatial the discriminant of this form
must be of rank 2. We have

A = [(tes + pous) (Bss + pBas) — (css + pous) (Bes + pBas) 1[(Ber + pBar) (aez + paas)
— (B2 + pBuz)(eter + parar)] = 0.

Since every point p is to be bispatial we must have
agfis — asfes = auBa — auBi = 0, aesBes — aeBes = aefer — agifes = 0,
agsBis — asfes + ausbes — assBes = 0, eaBer — ae1Bez + ae2Ba — aafes = 0,

which may also be written

hence three conditions must be satisfied, the second set being identical with
the first, as follows from (6). If also the double line y;=ys=0, y,=ys=0
is bispatial, we get the following two sets of conditions:
20 Po_Bs_Bs _Bs g Pu_Pu_Pe_Pu.

[25H] ais a3 (221 Qg1 ael Qg2 Qez
that is, no new conditions are added, if account is taken of equations (6). It
will not be necessary to carry out the work for the 13 remaining double lines
as no new conditions are found. If now we set

* R, pp. 358-360.
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Bu_Ba_fu_Pu_  Bu_PBu_Bu _Bu _
a4 (2] Qg1 Qg2 ags azs a Qsp
Pu_Ba _fu _fu _
Qgp 43 Qags g3
the equation of the V; in y-coordinates is
23) Q+0 01—0s 0,

Mt Qs 10— Qs |

or, when expanded,

(r — $)Q:Qs + (¢ — 5)0:Qs + (¢ — r)Q:Q: = O,
Q1 = ys(awsys + aesys) + ys(awsye + aesys),
Q2 = yi(aaye + asye) + ye(aweye + as2ys),
0s = yi(aa1ys + asiys) + ye(asays + asays).

(23)

The equation of the V; in tangential coordinates is

[¢=NUs+ (s — DU+ (s — NV — 4(s — 8)(s — NUUs = 0,

us(agstes + asatts) + us(casths + asetta)

Ul = ’
(24) Q46038
U o Malastie + avats) + ws(aans + awend)
: Qge12

U tr(asetts + atastes) + ua(asims + asts)
o a = .

Q3512

Hence the order and class of V7 are equal, as we wished to prove.

6. The singularities of the self-dual V;. Since the conditions (22,a) and
the resulting conditions (22,b), (22,c), and (22,d) imply that the three
equations (15) and (17) are indeterminate, it follows that there will be an
infinite number of double planes instead of only two. These planes are the
generators of the 3-dimensional quadric Q1 =Q,=(Q;=0, which may also be
written

Y1 aeYe + aezys  ase¥s + aseys )

y2  auye+ awys  sys + asys

Setting each of these ratios equal to a variable a we have the o1 generating
planes. The six fundamental flats intersect this quadric in six 2-dimensional
quadrics which are all bispatial. We may therefore state the following the-
orem:
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The self-dual V3 associated with a Schlifli hexad has a 3-dimensional quad-
ric as locus of double points. The six fundamental flats intersect this quadric in

six 2-dimensional quadrics which are all bispatial. There are ©7 such self-dual
Vys*

* In R, p. 359, the fact was overlooked that the 2-dimensional quadric x1/x.=1xs/%s=14/xs is
a double locus on the self-dual V. We have then five 2-dimensional bispatial quadrics, one in each
of the five fundamental flats.
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